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Abstract

A 9-approach is adopted to study the dispersionless Harry Dym (dHD)
hierarchy. Moreover, this formulism is applied to construct some explicit
solutions of the dHD hierarchy.

PACS number: 02.30.1k

1. Introduction

The Lax formalism of dispersionless integrable systems (see [24] for a review) is defined by
algebra A of Laurent series Zi ai(X,Ti, T»,...)p'. One can check that, with respect to the
Poisson bracket { f, g} = %% — g—; g—;’ where f, g are all in the algebra A, there are only
three closed subalgebra decompositions of A

A=A>k@[\<k, k=0,1,2,

with Asy = {Z% ai(X, T\, T, ..)p'}, and Aoy = {Y _,ai(X. T\, T, ...)p'}. Hence
from this classification, one can introduce dispersionless Lax hierarchies as follows,
oL
oT,
in which the dispersionless Kadomtsev—Petviashvili (dKP) [11, 13, 19], the dispersionless
modified Kadomtsev—Petviashvili (dmKP) [20, 21, 4] and the dispersionless Harry Dym
(dHD) [21] hierarchies are three basic Lax hierarchies as they correspond to cases k = 0, 1
and 2, respectively. Besides, the Lax formalism of the dispersionless Toda (dToda) hierarchy
was established by considering a pair of Lax operators [12, 24].
Different methods have been used to study dispersionless equations and hierarchies. In
particular, for those finite-dimensional reductions of dispersionless Lax hierarchies that are
hierarchy flows of hydrodynamic type and can be diagonalized by Riemann invariants, one

= {Bn’ ‘c}a Bn = (‘Cn)Zk
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can solve them by the hodograph method so that their solutions are expressed in implicit
form (see, e.g., [11, 13, 12, 8]). Recently, the quasiclassical 5-dressing approach to the dKP,
dmKP and dToda hierarchies has been proposed and studied well by Konopelchenko et al
[16, 17]. This approach can be viewed as the quasiclassical limit of the nonlocal Riemann—
Hilbert problem (see, e.g., [15]) and directly relates dispersionless integral hierarchies with
quasiconformal mapping on the plane. Hence one can present some explicit solutions of
dispersionless integral hierarchies by the widely studied theory of quasiconformal mappings.
In [18], Konopelchenko et al justified that some solutions may not be obtained by standard
hodograph transformation methods. Therefore, motivated by this observation, we shall show
the 9-approach may complement the hodograph method [6, 7] for constructing solutions of
the dHD system.

In this paper, we shall adapt Konopelchenko’s formalism to study the dHD hierarchy.
In this approach the analytic property of the S function (or the WKB phase function of the
Baker—Akhiezer function [11]) defined by the Beltrami equation plays an essential role for
deriving an explicit solution of the dHD hierarchy. Our result presents a new class of finite-
dimensional solutions to the dHD hierarchy which were not obtained in the previous literature
[6-8]. This paper is organized as follows. We review the d-problem of the HD hierarchy
and introduce the reciprocal formula between the HD and mKP hierarchies in section 2. In
section 3, we introduce the quasiclassical 5—problem of the dHD hierarchy. In section 4, we
derive the reciprocal formula between the dHD and dmKP hierarchies from a new approach,
the d-approach. In sections 5 and 6, we use the quasiclassical d-problem to derive the dHD
hierarchy and to provide explicit solutions for the dHD flows.

2. The &-problem of the HD hierarchy

The HD hierarchy is an infinite set of the compatibility conditions for the system

1

LY = -V,
A
A (L") ¥ >2
= ’ n = I
at, >

where L = u1 (1) +uo() +u_1 ()0 +u_»0)d 2+---,0=08/dx, 1= (x, 1, 13,...), Lisa
spectral parameter, (L"), denotes the pure differential part of the operator L" with terms of
degree larger than 2, and W(7, M) is a wavefunction of the HD hierarchy. Since (L)»> =0, u;
do not depend on #;. The first nontrivial equation of Lax flow is the HD equation in 2+1
dimensions [14],

3 Y1
4”1[ = u?ulxxx - u%f - dx (1)
ui ui y y

which is the equation for coefficient #; as a function of the first three independent variables
X, =y, t3 =t. In particular, it is the compatibility of the Lax pair

9, 0
MV =——uj— |V =0, (2)
dy dx?2

Vo 3 59 3, ou a1 3? =0 @
=|\——uj——zuj|——| — — P =0
3 ot Pax3 271 ox ox ur /), 9x2
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The d-problem of the HD hierarchy is the study of the Cauchy integral formula of the
wave_function W of the Lax pair (2), (3) [10] and their higher order operators M4, Ms, ... [15].
The d-dressing formula, i.e. the Cauchy integral formula, which we consider is written as

Lo ] X, R, p, 1, €, §)

(7 A0 = 1+2—mffff p— dv, due, 4)
with
L L f@O 6ot
‘ll(t,k,k)=X(t,k,k)exp<T+k—22+k—é+--->, (5)
R _ _ /1 1
R(l,,bb,/l,g,%_):RO(M,ﬂ,S,g)eXp<f(t)(;—§>

11 11

dv, =du Adjt, dve = dé A dE.

The function f (@) has to fulfil systems of nonlinear constraints. For the HD case, using (2),
(3) and (5), f satisfies

1

uy = —_, (6)
fx
Sax 2 Xox

o de _2re_g ™
X fXXO
XXX 3 x2x 3X0 3 XOxx

f,—f3 R e Oxx _ ), (8)
277 2 2x 2/ xo

with xo = x(A = 0), xor = %0‘ = 0), xoy = %—X(A = 0), etc. The nonlinear constraints
(6)—(8) can also be understood through the famous reciprocal formula between the mKP and
HD hierarchies [10, 23, 9]:

x'=f(@), = tn, n>2, 9)
x=¢' 1), th =t n>2, (10)
XE A = ' (& thy oo AR, (11)
W, A A) =W (Xt A A), (12)

where ?; = (x’ = t{,...) are time variables of the mKP hierarchy, f is defined as in (5)
and x', W' are the normalized wavefunction and the wavefunction of the corresponding mKP
hierarchy. Note that the reciprocal transformation is isospectral. Under the reciprocal formula
(9)—(11), formula (7) and (8) are reduced to:

L d 92 d ,
My = —2ug-— | ¢' =0,

3y’ 9x? ox’
g 3 9 ; 3?3 , v (0 *1( ) 3 o —0
=|—- —3v— — = |V — o)y | — =0,
3 o axB T lax? 20 07 ax T \aw O ox
with vg = — XXL,‘ =- X;(’; , which is just the Lax pair of the mKP equation:
0
Voy = —%U%on/ + %on/ax_,lvoy/ + %a;lv()y/y/.

Hence ¢’ is an mKP wavefunction.
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3. Quasiclassical &-problem

To derlve the quasiclassical limit of the 3-problem (4), we introduce the slow time variables
T = €t, T = (X, T, Ts,...), and let ¢ — 0. In this limit, we look for solutions x, f of the

form
1 (T 1T, 1T So(T,
exp (xf <:> 5 12 +F_3+ ) — exp (0(?)+0(6)) (13)
- 1. T, T,
So(T, 2) = Xf(T)+_+F+ (14)
R - . S(T, A, %)
x(T/e, A, 0)=3T,e, ., )exp| —— |, (15)
€
o0
X(T, €00 = fa(T, 2, D)€", (16)
n=0
S(T, 7, 3) — O(A™Y, as A — 0o (17)
S(T, 7, 3) = So(T) + S1(THA + Sy (THA2 +- - -, as A — 0, (18)

and consider scattering data Ry of the form

Ro(w, 1,8,8) = ) Tu(p, e '8 (u — ),

k=0
where 88 (u — &) = 98 (u — &). Then the quasiclassical limit of (4) yields

S O 1 _ - N k=g,
KX+ Exa,xS = [ Xexp{ 2 (S(n) —SA)) Z (e, p)e*=8,7 (n — A) duy, (19)
¢ k=0

where

S=S+3§. (20)
The terms of 1/€ in (19) result in the quasiclassical 3-problem

S - 38 . 9S8 > - (88\*
— =W —), W x — =Zrk(x,x) =) . @
A axr oA = A

4. The reciprocal formula

We now justify that the quasiclassical limit (13)—(21) under the reciprocal formulae (9)—(12)
is indeed transformed into that of the mKP hierarchy. More precisely,

Proposition 1. Suppose (13)~(18) hold. Define T' = e, T' = (X', T}, TS, ...) and t' is the
corresponding mKP-time variable defined by (9). Then

X' = (D), T =T,, n>2, (22)

n

X = o/(T), T,=T,  n>2 (23)

and @' satisfies:

/

T,

= {((L))>1, @Yo, (24)
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with £ = p + Ty + i’% + 24 (g = ax, for f = Zai(f)pi. Moreover, let

p
S'(T', %, %) = S(T, A, 1). (25)
Then

S =S,+5, (26)

X/ T/ T/
Sp="—+2+2+..., 27
07 A A2 @7
ST, w2 — O(AI™Y, as A — 00, (28)
ST 23— S+ 8+, as »— 0, (29)

s’ - a8
— =W (i —). (30

ax EN

Proof. For convenience, we quote the proof in [5] to show (22)—(24). Using (13) and (14),
we have

exp lf i +i2+i§+... — exp ! lf(f)+2+2+m +0(e) ).
A € Are A € \ A Az A3
(31

Besides, (9), T = €f, and the assumption T' = et imply

ex lf Z +LQ+LB+... = eX x_/+i+i+...
Pl € AZe Ae PART27 03

= exp ! £/+22/+£3/+~-~ . (32)
e\ A A2 A3

Comparing (31) and (32), we conclude (22). Hence we define (23) with @’ being the inverse
map of f.
On the other hand, by (10), 7, = €t, and T, = et,

n’

we obtain X = 6¢’(§). Thus
¢ (L) = édJ/(f’). Plugging this identity and 7, = €, in the Lax representation of the mKP

hierarchy

i (@) = (L")>1¢'(7)

a0 21 ’
where L' = 9/ +vg+v_19'" "' +v_58" 2+ -, 9" = 8/0x", vi(T'/e) = B;(T") + O(€). We find,
aseeo,%:%and

n i 1 m / 1 m ! R/ AINn /
L™)z1¢'(@) = E(L )1 & — E(L )10 D" = {((L)) =1, D}y

So (24) is proved. At last, after identifying these time variables of the mKP and dmKP
hierarchies, we can repeat the process in section 3 to justify (26)—(30). ]

In [16], the condition (26)—(30) is shown to be equivalent to the existence of a
dispersionless mKP hierarchy. Besides, we are going to show that (13)—(18) is equivalent
to the existence of a dHD hierarchy in the next section. Therefore, via the §-approach, we
derive areciprocal formula or a Miura transformation between the dHD and dmKP hierarchies.
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5. Derivation of the dHD hierarchy

We are going to derive the dHD hierarchy by the linear Beltrami equation

39 [0S . . 4S8\ o [/ aS
— (= )=W(r,r —=)—=—(—]), (33)
% \ 9T, ar) oar \9T;

which is obtained by taking derivatives of (21). Note that W means the derivative with respect
to the variable g—f The Beltrami equation possesses the following properties [2, 1] which will
be used in our derivation:

e (Vekua’s theorem) Under mild conditions on W, the only solution W of the Beltrami
equation (33) such that W =0 atoois ¥ = 0.

e (Ring of symmetry) If Wy,..., Wy are solutions of the Beltrami equation (33), a
differentiable function f (¥, ..., Wy) is also a solution of (33).

Lemma 1 [16]. The function S’ defined in (26) satisfies

’ 7\ 2 ’
aS B aS 2%, aS _0, (34)
ay’ ax’ ax’
as’ A\ __ [asN\* ..., . ;08
T (8X/> _3v0(8X’> —3[v0+v_l]ﬁ =0. 35)

Here we identify T,, T; as Y' and T'.

Proof. First of all, we note that 35’/3dT; are solutions of (21) from (30) and the ring of
symmetry property. Furthermore, (26)—(29) imply

X' aX' Toax
38" 1 a8y _aS]

s’ 1 a8 Y
0Ly (36)

=— + +A 4+, 37
oYy’ Az Y’ oYy’ 37)
s’ 1 a8, a8,
= — + 0+)\. l+ Y (38)
oT’ A3 9T’ oT’
as A — 0, and
05 0 A 39
— =0, as — 0.
BTJ.’
Then (34), (35) can be directly derived from (36)—(39) and the Vekua theorem with
Y R}
f)O = - d ) N—] = - ; . u
X’ oX’

Lemma 2. There exist constants A, B and C such that

BN a5\
ial(2) —o. (40)
Y 0X

3 2
S B(25Y (5 2o @1
oT X 0X

Here we identify T>, Ty as Y and T.
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Proof. Using (20), (14), (17), (18), we have
s 19f aS )
- = __f + % +)\'ﬁ
aX ~ A0X X T aX
s 1 1af a8, /\aSl

. (42)

—=—=4+-=—++ +
aY ~ A2 A9y 9y Y
as 1 19f a8 a8

_ f 9% 35

_— = — 4 —— + A—
aT A3 A0T 9T oT

+e, 43)
+een, 44)

as A — 0. Also from (17), we have the properties
N
— = 0, as A — oo. (45)
T,

Then using (33), (42)-(44), (45), Vekua’s theorem and the ring of symmetry property, we can
find A, B, C, r; and r, to assure

S as\> oS 3S 3s\? as\>  as
—+A|l—= ) +r1— =0, —+B|—=) +C|—=) +rn—=0.
Y X X aT X aX X

To show r; = r, = 0, we plug (25) and the reciprocal formula (23) in the above formula. This
leads to

R T R 1 85\° 198
- = +A | — +r|{—-—]=0, (46)
Yy %, aX’ P, 0X’ oy, 09X’
s @3S 1 as'\’ 1 3s\’ 1 23S
/_ /T /+B< / /) +C< !/ —/> +r2( / /)ZO (47)
T @y, 90X Py, 0X P, 0X Py, 0X
Now using (24), we compute
D, D7,
T = 24, T = 3(v5 + 0-1).
DY, P,
Plugging the above formula into (46), (47) and using lemma 1, we prove r; = r, = 0. ]

Proposition 2. The dHD equation

- 3 il rucy [Ty
dr = iy [u%axl <W>]Y (48)

which is just the quasiclassical limit of the ordinary (2 + 1)-dimensional HD equation (1) by
dropping the dispersion term, can be derived from the quasiclassical d-problem (21).

Proof. Equating the % and % coefficients of (40) and using (42)—(44), we get

1 af 2 38
A=——, 0x _(2.9%]) (49)
Iz Y fxoX |
Now we define
1 a8 N
i = —. o = —iiy =2 i = ——1 (50)
Fx X X

or
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Hence (49) implies
LUy P (51)
Y !

Furthermore, equating the A’ coefficient of (40) and using (42)—(50), we obtain

X /=~ ~2
ity o[l 2 4
/ (~ ) :_u1<~2+~ SlX )
uyj)y uj ui

which, by (51), is equivalent to
i oA
2L = 2(—ii, 81 x)x.
ity
Combining (50) with the above equation, we have

diig

37 = 28 ({1 ii—1)x. (52)
Similarly, the /\% and %—coefﬁcients of (41) yield
1 o~
B:—,.—S, C:—3M1M().
X
Therefore the %—coefﬁcient of (41) and (50)—(52) imply
o F
a—; = —3(iig + dtrdi),
or equivalently
dily o
T = 3ty (i1g + i) - (53)
Finally, using (51), (52) to eliminate 7y and & _; in (53), one obtains the dHD equation (48).
|

Similarly, we can use the analytical properties 3S/dT, = 1/A" + fr, /A + 380/0T, +
(081/0T,)A + - - - and the Vekua theorem to get

n —1 k
S 1 [0S - ([0S
aT—Tn<a—X> —Zvnk(T)(a—X> =0, n=23.... (549
n fX k=2
Equating the coefficients of (54) as A — 0 and computing their compatibility condition then

gives us higher flows in the dHD hierarchy. On the other hand, if we set p = 9S5/9X, then
(54) is transformed into

ap 0B,

= , n=1,2,...,
oT, 0X 55)
Bn :(C”)>2, L:Zakpk

k<1
Moreover (55) is equivalent to

aL

= {B,, L}, =12,..., 56
o, { } n (56)

by noting that they have the same compatibility condition. Here we write the first two dHD
flows (#2-, 3-flows) by equating the compatibility condition of (56) for n = 2, 3. That is:
ol i ol

dii_

kel g2 Sk ki e k>0, (57)
oY X 9X

Qi _ Qi _g— i _ it a(i%i

bl _ 33 2kl 6iliig ok 4 3k + D)idit_got —er + 3kii_y (& O), k> 0.
oT 9X 9X 0X 90X
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6. Explicit solutions

We will consider the quasiclassical d-problem (21) of the special form

)\ZM
Sz = —=70(x = D(SHY, (59)

aN-1
AN-1

Under the transformation A — %, the above quasiclassical d-problem is transformed into

with the initial condition S|i1_, = z—% + +---+ag. Here 0 is the Heaviside function.
A

S: = 0(1 — |z])(S)M, (60)
and S|;—0 = ayz + any—1z¥"1 + .-+ + ay. Therefore the discussion of the previous section

implies that the dHD flows (54) are derived from the analytical properties:
S — O(z)), as z— 0, (61)

A

.. 8§
S— Tyz" +- + D2+ f(T)z+ 80+ =~ +---, as z— o0o. (62)
Z

Hence we can follow the method of characteristic used in [16] to solve (60) and get explicit
solutions of the dHD hierarchy.

Example 1. The case (M, N) = (2, 2): applying the method of characteristic, we obtain

—b)?
= e sl <1 63)
T Lz > 1
a2 6 |zl = 1.

Plugging condition (61) into the first equation of (63), we get ¢ = % So the second equation
of (63) implies

s 1, N 1 b . 2 2b L O 1
= — — — - - - = -1, as 7 — 00.

2a° @2 a) T E R z ¢
Comparing the above formula with (62) and identifying ¥ = 75, we then have

~ 72
1 f f R 3

= —, b=2Y - —, =Y(2Yy—-=—]), So=4Yf. 64

Y7 2y ¢ ( 2Y> 0o=4ars ©4)

To solve f, we use the dynamic equation of the first flow (deriving from (61), (62) as (49)
in the proof of proposition 2):

" S
fy= 2%. (65)
X
Plugging (64) into (65), we obtain
2
F=areg00.  b=—2b  c=io. Si=4v@riey). (66)

where g is an arbitrary function on X. Now differentiating both sides of the second equation
of (63) with respect to X, using (64), (66) and recalling the definition of p = 9.5/90 X, we then
derive

1 a(p +cx) a(p+cx) 2 8
=—|lb-—+ |b—-—] +—(p+
¢=3 b \/[ by } by (p+cx)

p 1 [p?r 16Yp

C2gx 2\ &% 8x
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1 64Y% +8
L+_(£_gy) | SAY+8
2 \ gx

2 2 _gy)?
8x 8 (gx 8Y)
8Y 8Ygx\”
=L 4y —qer?+29% 1+ﬁ+(ﬁ> T
gx p p p
g3 8Yg 8Yg 2 }
—(16Y?+2g)*2% 1+ X+< X) R B N 17
p p p k<1
from which we have
1
i = —, fig = —4Y, fi_y = —gx(16Y* +2g),
8x
fi_y = —8Ygy(16Y? +2g), (67)

i3 =—gy(16Y> +2g)(80Y* +2g),....

Here g is an arbitrary function of X. One can check that (67) satisfies (57). Hence we obtain
an explicit solution for the first dHD flow.
Finally, we note

it Ly ana
z=7p+§ ity p* + 4iiyiigp — 8g,

which is a two-reduction of the dHD hierarchy. This reduction cannot be obtained by standard
hodograph methods [11, 13] since

8Z(p,12) ﬁl(ﬁ1p+2ft0+\/(ﬁ1p+2ﬁ0)2_412(%_8g)

p 2\/(i2|p +2ii0)? — 4% — 8g

which has no zeros provided that ii; # 0 and hence the two-reduction HD system cannot be
diagonalized through the Riemann invariants z(p;) where p; are zeros of dz/dp = 0.

Example 2. The case (M, N) = (3,2): let S;|;20 = % + b and Y = T,. Using the method
of characteristic and condition (61), we obtain

2m3 b?
s=- 242 <,
z 2 2
1
m= 6_Z(a —va® —12(z +ab)z).

Holomorphically extending to |z| > 1 and comparing with the expansion
S=Y>+ fz+ 8o+ 812+
as z — 00, we get

108Y = —a(a® — 18) + (a® — 12)/2,

f= %(a— a? —12),

ab2< a )
o=—7\1-—,
2 a?—12

Sy =a’b*@® - 12)732,

>
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Hence

1
a= —Y(D1/3 +(216Y>+1)D7 3 4+ 1),

D = —5832Y* — 54072 + 1 +24+/3Y/19683Y6 — 218774 + 81Y2 — 1,

b= —6f
ala — my
It turns out that
~ 2 aSO B 72f

Iy

fx X ava = 12(a — Va2 = 12)
which implies
F(X.Y) = g(X)exp(w(Y)),

where g(X) is an arbitrary function in X and

72
Y)= dy’ .
@(¥) / ava? —12(a — vVa? — 12)

Finally the primary variable ii; is given by

_ 1 exp(—w(Y))
hW=——=—"".

fX 8x
Furthermore,
fig = —ii1Sox = —d6ge
avaz —12(a — VaZ —12)’
_ & —648g%gx ")
i1 =-S81x

T (@ —122a— A =123

It can be verified that iiy, iig, i1 satisfy (57). And we obtain another explicit solution of the

first dHD flow which is not degenerate (as that in example 1).

Example 3. The case (M, N) = (2,3): let S;|s—0 = az> +bz+cand Y =T, T = T;.
Similarly, using the method of characteristic and condition (61), we obtain the expansion as

7 —> OQ:
S=TZ+YZ+ (X, Y, T)z+So(X, Y, T)+8:(X, Y, T)/z+ - - -
with
3 3 1
37T = —>+ —+ ——((1 = 8a)** — 1),
2780 T 3pr 780 )

b
=2 (1 —4a—T=8a),
8a?

. b? da — 1
f(X, Y, T) —(1_\/ Sa) —2< +ﬁ>,

N b’ ! 1—12a
~/1 —8a 12a2 (1 —8a)¥?)’

W

1 2p? 2
' fTosa\1=8a ¢)"
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So
@BeT+1H) (1 — 127)3/2
a(T) = ,
18(1 +4T)?
b(Y.T) = 16a%Y
0 1—4da—J1—=8d
X.V.T) 4a <f(X Y. T) 324%Y? )
c(X, Y, T) = ———— Y, T) — .
1—+1—-28a V1 —8a(l —4a — /1 —8a)

To determine f, we plug the above expression into the dynamic equation (deriving from
(40), (41) as in the proof of lemma 1):

5 25VOX ~ Six ng
fr=— fr=3———3—, (68)
fx fx §(
and obtain
. 4b 64a?
fr= = Y.
Vi=8a J/T—8a(l —4a—+/T-8a)
So
FX, v, T) = 327 Y2+ g(X,T)
T To8a(l —4a— VT 8a) S
Hence
f — or+ < 32a? ) v
TESTT\ T=8a(l —4a—vI—38a)),
484>
= - g+0x?
V1 —=8a(l —4a — /1 — 8a)
64/1—38
= oY)
1—-12T
which implies
T 6J1—8a(T’
X, T)=C)e*D, ()= / oY1 =81
1—127"
for an arbitrary function C (X). Finally the primary variable i, is given by
1 e~
) =% = ——.
fx X
Hence
- 64a2Y
uyg = — ,
V1 —=28a(l — /1 —28a)?

3 8a (2172 s 4a
u_1 =
Tl 8 —J1-8a\1-8 1-JI—-8a

C(X)e“’m) D C(X),

We can justify that i, iig, ii—; satisfy (57), (58) for k = 0.
To conclude this section, we remark that for any (M, N,s) = (M, 3,s),M > 0,s > 0,
it is impossible to get any (2 + 1)-dHD equation from the Beltrami equation

M
S: =0(1—12D2" Y pu(2)(S)", (69)

m=>=0
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with
S =) e, 2l < 1, (70)
n=0
Slz=0 = ¢o =alz+agzz+a3z3. (71)

First of all, substituting (70) into (69), we obtain the recursive formula

M
1
= L 9 2 O
Cn+l (”l + 1)(S + 1) n;>0 Pm (Z) ( § Crl Crm) n

Fiet i =n

Also, to have the expansion,

S=TZ+YZ+ f(X, Y, T)z+8(X, Y, T)+ $1(X, Y, T)/z+ -,
as 7 — 0o, we impose condition [18]

degpy =0, degpy_1=2, degpyo=4,.... (72)
Thus the recursive formula and (71) imply

1 / / / / /
PMCy X = - X Coy+Pu—1Cy X -+ XCy+ -+ picy+ po

s+1 —_—— —_——
M M-1

c)p =

1
?{pMusas)MzW + (3a3)" ' 2ax) M !

+{Baz)™ay + (3az)M 2 (2ay)*) M2
+{(Ba3)" 2 Qaz)ar + Baz)" > (2ay)*} M + -

+ pyu—1[Ban)M12M=2 4

+ p1(3asz® + 2axz + a1) + po}
= Pon(a3)z* + Poy—1 (a3, )z
+ (Pay—21(a3)ar + Pay—22(a3, a2))z
+ (Pay—3.1(as, ax)ar + Pay30(a3, a2))z

+ lower order terms in z,

2M—1
2M =2

2M -3

where Py, Py ; are polynomials. Similarly, the coefficients of the four leading z-terms in ¢,
are respectively of the form

03(a3), 0>(a3, a2),
O1,1(a3, a2) + Q1 2(a3, ax)ay, Qo,1(a3, az) + Qo 2(az, ax)ay.

Therefore, plugging these ¢, into (70) and using (72), for VM, Vs, as z — oo, the four
leading z-terms of S are

Rs(a3)z® = T2, Ro(az, ax)z* = Y22,
(Ri1(az)ar + Ria(as, a))z = fz, Roi (a3, az)a; + Riz(as, az) = So,
where R; Ry; are the polynomials. So

a3 = a3(T), a=a,T), ar=a1(X,Y,T),
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and hence the dynamic equation (68) yields

y S R R
Fy=2 9X ) 0141x :Zﬂ
fx Ryjaix R
Integrating both sides, we then derive f (X,Y, T)Y=F{, T)+G(X, T). So the dHD solution
obtainedisii; = 1/ fx = 1/Gx whichdepends only on (X, 7). Comparison of these solutions
with the hodograph method in [3, 22] could be interesting and needs further investigation.

(Y, T).
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